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We show that the competition between the correlation of liquid crystalline order and the
orienting e� ect of applied ® eld is crucial in determining the characteristic behaviour of local
ordering in the boundary layer, close to the substrates with strong anchoring. The equilibrium
states for the low and the high ® eld are found to be distinct. In particular, varying the ® eld
strength can induce a phase transition, across which the order parameter con® guration
changes continuously from one to the other of the two limiting equilibrium states.

1. Introduction all involving the fast spatial variations of LCO. Recently,
Long-range deformations of nematic liquid crystals it has been observed that polyimide-coated substrates

(LCs) can be described by a spatially varying unit vector can induce a boundary layer of strong biaxial character,
n, the local axis of uniaxial orientational ordering. Based which can only be described by the tensor order
on this viewpoint, Oseen, Zocher, and Frank developed parameter [10]. In addition, the prediction of the
a continuum elastic theory [1± 3], which has been bulk orientational state through the LdG theory shows
successfully used for decades in explaining various ® eld- good agreement with experiment. The use of the tensor
induced e� ects. In particular, the FreÂ edericksz transition order parameter is therefore not only necessary but also
(FT), ® rst detected optically by FreÂ edericksz in 1927 su� ciently accurate.
[4] and then explained by Zocher using the continuum With regard to the behaviour of LCO in the short-
theory [2], is now a well-understood ® eld-induced range distortions of LCs, the core structure of nematic
phenomenon which has found applications in various defects, which can not be represented by the director
LC display devices [5]. On the other hand, there have ® eld n (r), constitutes an important object for study. It
been increasing experimental evidence to show that has been predicted that strong biaxial ordering exists in
substrate± LC interactions, strong ® elds, and severe geo- the core region, away from which uniaxial ordering is
metric con® nements can result in short range variations gradually restored towards that in an undistorted system
of liquid crystalline order (LCO), described by a trace- [11]. This b̀iaxial escape’ phenomenon has also been
less symmetric tensor Q

<

, which incorporates the local found in extremely thin hybrid cells which impose severe
axis/axes of uniaxial/biaxial symmetry as well as the geometric con® nement [12, 13]. In particular, it has
degree of local orientational ordering [6]. The Landau± been shown that as the cell thickness is varied, there
de Gennes (LdG) phenomenological theory [7] based exists a second order phase transition through which
on the order parameter Q

<

, developed almost twenty the equilibrium state changes continuously from the con-
years ago by de Gennes [6], has proven to be successful ® guration characterized by a spatially rotating director
in explaining and predicting various LCO-involved (in thick cell ) to that by a predominant biaxial ordering
phenomena, such as surface wetting [8], surface-induced (in thin cell ) [12, 13].
bulk alignment [9, 10], and defect core structure [11], The purpose of this paper is to show the existence of

a ® eld-induced con® gurational transition which manifests
predominant biaxial ordering as well as biaxial escape
in the boundary layer close to the substrate. Consider a*Author for correspondence.
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230 T. Qian and P. Sheng

semi-in® nite LC sample on the substrate under homo- the familiar expression
geneous alignment conditions. Applying a vertical electric/

magnetic ® eld leads to a spatial variation of the order f
U= a (T Õ T * )S

2 Õ BS
3 +CS

4 +
3

4 AL 1 +
1

6
L 2 B [ = S]2

parameter in a boundary layer which takes the ® eld
coherence length j as the characteristic thickness. A

+
3

8
L 2 [n ¯ = S]2 +

9

4
S

2GAL 1 +
1

2
L 2 B [ = ¯ n]2

spatially rotating director is always obtained from the
Frank theory. However, the corresponding order para-
meter con® guration is not stable when the ® eld strength

+L 1 [n ¯ = Ö n]2 + AL 1 +
1

2
L 2 B [n Ö = Ö n]2 His large enough to make j comparable to the LC

correlation length D . In fact, the high ® eld equilibrium
state is found to be characterized by three spatially +

3
2

L 2 S [ = ¯ n][n ¯ = S]+
3

4
L 2 S [n Ö = Ö n] ¯ = S

varying eigenvalues, i.e. three spatially varying diagonal
elements of Q

<

(z ) in the local principal system, while the (2)
principle axes show no rotation at all. With the limiting

where a (T Õ T * )= 3a/4, T * is the supercooling temper-equilibrium states at low and high ® eld strength found
ature, B = 3b/ 4, and C = 9c/ 4 . Here the Frank elasticto be distinct, a phase transition between the two is
energy density for the spatial variation of n is expressedtherefore inevitable as the ® eld strength is varied. In
in the usual form of [= ¯ n]2 (splay), [n ¯ = Ö n]2

particular, symmetry consideration shows that there exist
(twist), and [n Ö = Ö n]2 (bend), with the respectivetwo low-® eld stable con® gurations which are degenerate
elastic constants given by K splay = 9/2S

2 (L 1 +1/2L 2 ),and characterized by the spatially rotating director. This
K twist= 9/2S

2
L 1 , and K bend = 9/2S

2 (L 1 +1/2L2 ).is simply a manifestation of the spontaneous symmetry
We choose the LC correlation lengthbreaking. However, the two-fold degeneracy vanishes as

the ® eld strength is increased to a second order phase
D = C (3L 1 / 4 +L 2 / 2 )C

B
2 D1/2

transition point, above which there exists only one single
equilibrium state, which must be invariant under the

de® ned from f
U in equation (2), as the length unit. Forsame symmetry transformation as that associated with

uniform substrates, the order parameter depends onthe low-® eld degeneracy. This transition is intrinsically
the coordinate z only, i.e. Q ij = Q ij (z ). We assume a ® xeddi� erent from the conventional FT, if triggered in LC
boundary condition at z = 0: Q

<

(0)= Sb (3xx Õ I )/2 wherecells by varying the applied voltage. While the former
Sb is the uniaxial orientational order parameter in bulk.involves only the ordering state in the boundary layers
This is the homogeneous alignment modelled in [12]. Inof characteristic thickness D , the latter changes the
the presence of an electric ® eld E applied perpendicularalignment state throughout the cell. A brief discussion
to the substrate, the ® eld-induced free energy density isis presented on the hydrodynamic e� ect corresponding

to the symmetry breaking and restoration in ® eld-induced
fF=

1

8p
D ¯ E (3)equilibrium states.

where D = Î
<

E is the electric displacement ® eld and Î
< is the

2. The model local dielectric tensor, given by Î
<= 1/3(Î d+2Î ))+2/3Î

m
a Q

<

with Î
m
a being the maximum dielectric anisotropy. ForWe consider a semi-in® nite LC sample on a substrate

simplicity, we ® rst discuss the case of positive, small Î
m
a ,with proper alignment conditions. The system is in the

i.e. Î
m
a / Î

d
%1. In this limit, the electric ® eld is almosthalf space z > 0 with the substrate de® ned at the z = 0

uniform, regardless of the Î
< variation.plane. The LdG free energy density is given by

The total free energy F [Q
<

(z )]= Ÿ dz ( f + fF ), written
in the dimensionless form as

f =
1

2
(aQ

2
ij +L 1 Q

2
ij ,k+L 2 Q ij , j Q ik,k )

F
± =

F

DB
4
/C

3 = P df( f + f F ) (4)
Õ bQ ij Q j kQki+ c (Q

2
ij )

2
. (1)

is given byHere a, L 1 , L 2 , b, and c are phenomenological constants,
the indices i, j, k run from 1 to 3 with the correspondence

f = At +
1

4 BA2

3
Q
± 2

ij B Õ
4

3
Q
±

ij Q
±

j kQ
±

ki + A2

3
Q
± 2

ij B
2

1< x , 2 < y , 3< z, summation over repeated indices is
implied, and comma in the subscript means derivative
with respect to the spatial coordinate that follows. +

2

3 +2r
Q
± 2

ij ,k+
2r

3 +2r
Q
±

ij , j Q
±

ik,k (5)
Substituting Q

<
= S (3nn Õ I )/2 into equation (1) yields
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231Biaxial ordering and transitions in NL Cs

and into one single equilibrium state with Q13 (z )= 0 through-
out the sample. The x-reversal symmetry is thus restored
at E = EB , above which Q13 vanishes and the singlef F= Õ

Î
m
a E

2
C

2

12pB
3 Q

±
33 (6)

equilibrium state, speci® ed by the three non-zero com-
ponents Q11 , Q22 , and Q33 , is x-reversal invariant. Thatwhere f= z/D , Q

±
ij = CQ ij /B , r = L 2 /L 1 , and t =

means a second order phase transition occurs at the(T Õ TIN)/4(TIN Õ T * ), with TIN= T * +B
2
/ 4aC being the

critical ® eld E B . In fact, the x-reversal symmetric stateisotropic± nematic transition temperature.
exists as a metastable state in a wide range of E (<EB ).
Below but not far away from EB , as E increases, the two

3. Field-induced phase transition degenerate equilibrium states with decreasing |Q13 |
The equilibrium state is given by the order parameter become closer and closer to the metastable symmetric

con® guration which minimizes the free energy functional state. The second order phase transition is indeed
F
± . Using a ® nite di� erence scheme, we transform F

± into marked by the point where the two degenerate states
a multi-variable function and apply the modi® ed Newton become identical and merge with the symmetric state
method to ® nd the optimal con® gurations for both simultaneously. In ® gure 1, the maximum |Q

±
13 |max is

stable and metastable states. depicted as a function of e= Î
m
a E

2
C

2
/ 12pB

3
. The critical

® eld E B is obtained from the dimensionless parameter
3.1. Semi-in® nite system eB= Î

m
a E

2
BC

2
/ 12pB

3 recorded at the transition point. We
For the semi-in® nite system modelled in §2, the ® eld- ® nd eB= 0.904 at t = Õ 1.0 for L 2 /L 1 = 1. The energy

induced bulk state is uniaxial, with n = z, and the spatial di� erence between the stable |Q13 | Þ 0 states and the
variation of the order parameter only exists close to the metastable x-reversal invariant state is depicted as a
substrate. The characteristic length of the boundary function of e(<eB) in ® gure 2. Assuming Sb . 0.6 and
layer is the ® eld coherence length B /C . 1/2, we have j (E B) . 1.5D . The predominant

boundary layer biaxial ordering at the transition point
is depicted in ® gure 3.j(E )= A4pK

Î a E
2 B

1/2

(7)
The second order phase transition originates from

the competition between local ordering and elastic dis-where K is given by the elastic constant K splay or
tortion. Comparing with the high-® eld con® gurations,K bend , and Î a = Sb Î

m
a is the dielectric anisotropy Î

d
Õ Î

) .
optimal Q

<

(z ) for low ® eld exhibits a spatial rotation ofFor a weak ® eld, j is much larger than the LC
the principal axes but a better local orientational ordering.correlation length D . As a result, the local ordering is
With the LC correlation length D %j for small E ,approximately given by Q

<
= Sb (3nn Õ I )/2, where Sb is

the local ordering is approximately preserved as in thethe uniaxial orientational order parameter minimizing
undistorted system, leaving the local director spatiallya (T Õ T * )S2 Õ BS

3 +CS
4, and the LC deformation is

rotated from x to z by the applied ® eld. Increasing Eessentially long-range, described by the spatially varying
n (r) according to the Frank theory. Under the homo-
geneous alignment condition speci® ed by ® xed Q

<

(0),
only Q11 , Q22 , Q33 = Õ Q11 Õ Q22 , and Q13 = Q31 do not
vanish, and the director rotation is re¯ ected by |Q13 (z )|,
which ® rst increases from zero at z = 0 to its maximum
value 3Sb /4 somewhere in the boundary layer, and then
decreases back to zero as z � 2 . Note that the free
energy functional and the boundary condition are both
invariant under the x-reversal transformation:

Q11 (z ) � Q11 (z ), Q22 (z ) � Q22 (z ), Q13 (z ) � Õ Q13 (z ).

(8)

Accordingly, there always exist two degenerate stable
con® gurations as long as Q13 Þ 0, and each state with

Figure 1. Variation of the maximum |Q13 |max (in units ofeither Q13 > 0 or Q13 < 0 is a result of the spontaneous
B /C ), plotted as a function of e= Î

m
a E

2
C

2
/ 12pB

3. Thesymmetry breaking when minimizing F . For a ® eld
second order transition occurs when |Q13 |max meets zero at

strength that is large enough, we ® nd that the maximum e= eB . For e> eB , |Q13 |max ; 0. The dashed line represents
value of |Q13 | decreases continuously with increasing E a square root dependence on eB Õ e, showing the mean-® eld

behaviour of a second order phase transition.until E = E B , at which the two degenerate states merge
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232 T. Qian and P. Sheng

and elastic distortion, the symmetric con® guration still
exists as a metastable state below the second-order phase
transition point. This boundary layer phenomenon is
di� erent from a s̀tandard’ second order phase transition
below which the symmetric state is unstable.

3.2. L iquid crystal cell
Now we show the realizability of the ® eld-induced

con® gurational transition in a LC cell with two sub-
strates imposing the same homogeneous alignment. We
consider nematics of positive, large dielectric anisotropy,
i.e. Î a / Î

d
~1. In the presence of an applied voltage V ,

the ® eld-induced free energy is given by

Figure 2. Variation of the dimensionless energy di� erence
between the stable |Q13 | Þ 0 states and the metastable P d

0
Õ

1

8p
D ¯ E dz = Õ

1

8p

V
2

P d

0
dz/ Î 33

(9)
x-reversal invariant state, plotted as a function of e in the
range of e< eB . the dashed line delineates a quadratic
dependence on eB Õ e, showing the mean-® eld behaviour
of a second order phase transition. where E = E (z )z is the electric ® eld, satisfying

V = Ÿ d
0 E (z ) dz (d is the cell thickness), and D is the

electric displacement ® eld, with Dz = Î 33 (z )E (z ) being
uniform along the z direction. The FT ® rst occurs due
to the ® eld-induced alignment of bulk director as V is
raised to VF . Two stable con® gurations exist after the
FT, leading to a multi-domain structure in the cell.
Further increase in V aligns the central part of the cell
uniformly in the z direction. At su� ciently high V , j

approaches D , and the con® gurational transition occurs
at a critical voltage VB as the two degenerate stable
states (distinguished from each other only in the two
boundary layers near z = 0 and z = d ) merge into one
single equilibrium state, leaving the cell in a single-
domain structure. This second order phase transition in
the LC cell is intrinsically di� erent from the FT because

Figure 3. Spatial variation of the three non-vanishing order the former involves only the short range variation of
parameter components (in units of B /C . 0.5) in the LCO in the boundary layer set by the LC correlation
equilibrium state at the transition point. while the latter changes the alignment state throughout

the cell. In this sense, the con® gurational transition is a
true boundary layer phase transition (BLPT). In essence,leads to a thinning boundary layer, within which the

elastic energy increases as 1/j while the ordering energy the BLPT is caused by competition between the lengths
D and j while the FT is caused by that between j and d .decreases as j, approximately. As E approaches E B , it

becomes more favourable in total energy to sacri® ce the Accordingly, VB is proportional to d and the critical ® eld
E B is independent of d , while VF is independent of d andlocal ordering in the boundary layer, with the elastic

energy being lowered at the same time. This is actually E F is inversely proportional to d . Here E B or E F refers
to the average ® eld strength VB /d or VF /d , respectively,achieved by a boundary layer order parameter con-

® guration in which the eigenvalues of biaxial Q
<

(z ) since E is in general not uniform due to the large
anisotropy. For the 4-n-pentyl-4 ¾ -cyanobiphenyl (5CB),experience a spatial variation such that the maximum

eigenvalue changes from the xx component at z = 0 to a = 0.065 J cmÕ
3 K, B = 0.53 J cmÕ

3, C = 0.98 JcmÕ
3,

L= 4.5 Ö 10Õ
14 J cmÕ

1, and r . 1, with D = 40 AÊ . Takingthe zz component at z � 2 , as depicted in ® gure 3, while
the principal axes show little or no rotation at all. This Î

d
= 20 and Î )= 5, as for materials of large dielectric

anisotropy (5CB has Î a . 15), we ® nd VB= 11.9 V0 atscenario has been called èigenvalue exchange’, which
was ® rst discussed in extremely thin cells [12, 13]. It is t = Õ 1.0 for a cell with d = 20D . Here V0 is given by

(4pK splay / Î a )1/2 . 0.25 volt, on the same order as VF , thusinteresting to note that as a result of the LdG functional
form governing the competition between local ordering VB . 3 volt, with j (E B) . 1.6D . For V3 d in the d &D
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233Biaxial ordering and transitions in NL Cs

regime, it is readily seen that the BLPT can be induced directions. In this regime, switching o� higher holding
voltage induces large ¯ ow ® eld. We have generalized theby applying a modest voltage (~30 volt) to a cell of
EL theory to take into account the dynamic e� ect ofthickness ~1mm.
LCO [16]. We ® nd that the starting ¯ ow ® eld does not
fully increase with the switched o� voltage. In fact, the4. Concluding remarks

¯ ow ® eld decreases continuously in magnitude withThe results presented in this paper only serve to
the increasing switched o� voltage as the starting stateillustrate the possible ® eld-induced phase transition
approaches the con® gurational transition point. This isassociated with boundary layer liquid crystalline ordering.
physically understood as the hydrodynamic e� ect dueThe vertically applied ® eld plus the homogeneous align-
to symmetry breaking and restoration in ® eld-inducedment condition considered here by no means exhaust
equilibrium states. Work in this direction will beall possibilities. For example, a similar situation can be
published elsewhere.discussed for the external ® eld applied parallel to the

substrate under homeotropic alignment conditions. In
Tiezheng Qian would like to thank Prof. Yuen-Ronthis case, two-fold degeneracy exists in the low ® eld

Shen at Berkeley for helpful discussions.regime while the high ® eld equilibrium state is single,
characterized by a predominant biaxial ordering close
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